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I1.7.1.CBoOOAHDBIE KOJI€0aHNSI CHCTEM C OJHOM CTeNneHbI0 CBOOOAbI.

I1.7.1. 1CBoOOaHBIE KOJeOaHUS B NPOCTEHINNX KOHCEPBATUBHBIX
cucreMax.

B kauecTBe npocreiiiieii kosebaTenbHOM
CHUCTEMBI PACCMOTPUM T'PY3, MOJBEIICHHBIN Ha
MPY>KUHE B MOJI€ CUJTBI TsKeCTH. [Ipennonoxum,
YTO IPy3 MOXKET COBEPIIATH TOJBKO BEPTUKATbHBIE
Kojebanus. bygem cuurarhb, 4TO cUCTEMa SIBISETCS
KOHCEpPBATUBHOM, TO €CTh B HEM OTCYTCTBYIOT CHJIBI
TpeHUs. Y paBHEHUE JBMIKEHUS dTOTO Tpy3a OyaeT
HMETh BHU]T

m§ = fyr[p + mg b I
rae m - Macca rpysa, & - ero KoopJauHara, V4
Sy =—k& - BO3Bpaliaronias cujia, BO3HUKArOIIas

P PACTSHKEHUU WIM CKATUU NPYKUHBI, 3/1€Ch
MIPUHATO, YTO KOOPAHHATA Ipy3a Al HE PACTAHYTON
NPYKUHBI paBHA HYJIO, mg - CUJIa TSHKECTH, k - KOO UIIUEHT KeCTKOCTH

MpYy>KUHBI. B nonoxeHuu paBHoBecus (& = &) cyMMa BCEX CUJI,
JICUCTBYIOIIUX HA TEJIO paBHa HyMt0. To ecTh k&, = mg . llepexons Kk HOBOM
MEPEMEHHON x = £ - £, OJIy4aem

mx = —kx
Wi
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itwix=0,
k
e o, =, — - DUKInYecKas (Kpyropas) 4acToTa. TO ypaBHEHHUE
m

Ha3bIBAECTCS] YPABHEHHEM CBOOOHBIX TAPMOHMUYECKUX KOJIEOAHUH.

Ero pemenne nmeet Bujg

x(t) = A, cos(w, t + ),
rie A, aMIuiuTyAa Koyuebanuid, a &(t)=w , t + ¢ - pa3a koaedaHuii.
Benuunna ¢ = @(0) onpenensier 3HaueHue (a3bl B MOMEHT BpPEMEHH =0 |
Ha3bIBACTCS HAYAIBHOM (ha30il KoJeOaHUM.

AmMmutyaa A4, v HadanbHad ga3a ¢ KojeOaHuil onpeaenstoTcs
HaYaJbHBIMH YCIOBUAMHU. ECiii B HaYallbHBII MOMEHT BpEMEHH CMELIECHUE
MasTHHUKA PaBHO x,, @ HA4YaJbHasl CKOPOCTh V,, TO

x(0)=x,=A4,cos ¢,

x(0)=v,=-4, o sing.

Ortcrona nonydaem

Yo
@ = —arctg .
X,

2
/ v
— 2,0 _
Ay =+/x; > =1.
®

Jlns paccMaTpuBaeMbIX KoJIeOaHWM HE TOJIBKO CMEIIICHHE, HO H
CKOPOCTb, U YCKOPEHHUE SABIISIOTCS TAPMOHUICCKUMH (PYHKITUSIMH BPEMEHHU

a(t)=x(t)=-A4, o cos(w jt + @)= A0’ cos(w,t + 7+ @).
T
[Ipu sTOM KOJIEOaHUS CKOPOCTH OTEepekaroT Mo (asze Ha 5

KOJIeOaHUsI CMELIEHUs x(¢) M UMEIOT aMILTUTyaAy o 4,. Konebanus
YCKOPEHUs MTPOUCXOAT B IPOTUBOda3e ¢ KoJIeOaHUSIMU CMEIIEHUS U UMEIOT
AMIUTUTYAY o A, .

Tak kKak B pacCMaTpUBa€MOW CUCTEME OTCYTCTBYIOT CHJIbI TPEHUS, TO
TMOJIHASI DHEPTUs KOJICOaHUI C TEUEHUEM BPEMEHU HE U3MEHSETCS, TPUIeM
Ha0II0/1aeTCsl IEPUOANYECKas epeKayka KUHETUYECKON SHEPTUU B
MOTEHIIUAIBHYIO U HA000POT.

Bennunna KuHETUUECKOM YHEPTUHU B 3TOM cliydae Oyiet
MOTEHIMAIBHON SHEPTUM YNpyrou aedopmariiu:

sin(wt+ @),
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>k mx* mo’d]

E =—=—.—= cos’(wt +
nom 2 m 2 2 ( ¢) 2
HOJ’IHaH MCXAaHNYCCKaA SHCPIrusa HC 3aBUCUT OT BpECMCHH U paBHA
mao’A,
En()."l = EKI/IH = Em)m = 2

I1.7.1.2.3aTryxawmue KoJe0aHusl.

PaccmotpuM Ha mpumepe NpyKUHHOTO MassTHUKA OCHOBHbIE
3aKOHOMEPHOCTHU CBOOOJIHBIX KOJIEOAHU MPU HATHMYUU CUITBI TPEHUS.
YpaBHeHUE IBIKEHUS PYKUHHOTO MAsTHUKA NIPU HAIMYUU CUJIBI TPEHUS
UMEET BU]T

mé=f,.+f,+mg.

Haubonee npocToe pelieHue ypaBHEHHE UMEET B TOM Cllydae, KOorja
CWJIa TPEHHUs MPOTOPIHOHATbHA
ckopocTu. Takasi CUTyalus peanu3yercs
JUTSL BSI3KOTO TPEHUS TIPU MaJIbIX
CKOPOCTSIX, KOT/Ia CHJIa TPEHUS 4
HaIlpaBJi€Ha IPOTUB HAMPABIICHUS

a)

CKOpOCTH f, =—h&,THe h-

koa(duimeHt Bszkoro tpeHus. [locne
3aMEHBI IIEPEMEHHBIX x =& - &

3)

BEKTOpa CKOPOCTH, a €€ BeJINYMHa 207
POMOPLHOHAIbHA MTEPBOM CTENEHU £ E

/7
7

YpaBHEHUE MEPENUILIECTCS B BUJIE
mX+hx+kx=0. L
B HOpMupOBaHHOM BUIE
ypaBHEHHUE 3aTyXaloluX KojaeOaHuit
MMEET BUJ
¥+20%k+w;x=0,
rae o _ U a)gzk
2m m
Pewenune 3Toro ypaBHeHUsI UMEET BUJL

x(t) = Aje * cos(wt + @) ,

e w=.lo,-56°,4, ¢ - Y
OTIPE/IeIIAIOTCS HauaTbHBIMH & Al

YCIOBHSIMU.
Konebanust MmasiTHUKA MIPH

HaJIMYUU 3aTyXaHUsI HE SBISIOTCS 0 v V V V V V.U. ¥,

NEPpUOANICCKUMHU, UX aMILJIUTY1d
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MEHSIETCSI CO BPEMEHEM. Y CJIOBHO TOBOPST, UTO MEPUOJAOM TaKUX
o 2 o
KoJieOaHuit sBsAeTCs T = — , oJipa3yMeBasi 1oj 3TUM BpEeMEHHOM
(0]

MHTEpBAJ MEXIY COCETHUMU MOMEHTaMU BPEMEHHU, KOT/la CMEIICHHE
x(¢)=0. Taxxe yCJIOBHO aMIUIUTYAOU ATUX KOJIEOAHUIN CUUTAIOT MOYJIb

) ¢

MaKCUMAaJIbHOTO OTKJIOHCHUS Ae’

Takum oOpa3om, 3aTyxaHue KoJebaTeIpHOro MpoIiecca OnpeesieTcs
BEJIMYMHON &, KOTOpas MOJIy4Ynsia Ha3BaHUE KOIpPuuyuenma 3amyxanus.
Benuuuna, oOpaTtHas §, paBHas
1
5’

MOJIy4YnjIa Ha3BaHUE éPeMeHU 3amyxXanusa KBa3suIepuoInIecKoro mpoiecca
OHA YKa3bIBaeT MHTEPBAJ BPEMEHH, 32 KOTOPHI aMILTUTY/1a KoJieOaHu
YMEHBIIUTCS B e pas.

[TycTh B MOMEHT BPEMCHH ¢, aMILTUTyIa OyJIeT 4, = A,e °", a B

B KaXXJIOM NIepHo/Jie KoJeOaHuM.

T =

MOMECHT ¢, =, +T COOTBETCTBCHHO
_ -5ty _ -5(4y+T)
A4, = Aye = Aye :
T _oT
orja OTHoleHue aMIunTyn 4,/ A, =e®’ 1 U3MEHEHHE aMIUIUTYbI

3a nepuoj OyAeT XapaKTepU30BaThCs BEMUYMHON & = 5 T, MOTyYUBIIIEH
HAa3BAHUE J102APUPMUYECKO20 0eKPEeMEHMA 3amyXanus, IpuieM

o-u| )
=1n 4,)

OTHoOLIEHNE aMIUTUTY/I, Pa3[EeI€HHBIX UHTEPBAJIOM BPEMEHU B N
MeproIoB, OyIeT
A GOSN _ NO
AN+1
Ortcroga ciaeayeT, 4To YUCo0 YCIOBHBIX ITEPUOIOB N, , ITOCIE
KOTOPOT0 aMIUIUTYa KojieOaHuii yMeHbIIIaeTcs B e pa3 (N0 =1) paBHO
1

N=7.

I1.7.2. BoIHyKI1eHHbIe KOJIeOaHUs.
Tax e Kak ¥ B IpebIIyIIUX MYHKTaX PaCCMOTPUM KoJiebaHue rpys3a
Ha npyxuHe. [Ipy Hanmuny BHENTHEW NEPUOINYECKOU CUIIBI F, (1) OHO

IIPUMET BUL
mx = fynp + fmp +F (1).
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OTMeTuM, 4TO pacCMaTPUBAEMOE YPABHEHHE SIBIIACTCS JTUHEUHBIM, TO
€CTh BEJIMYMHA BO3BPALIAIOIIEH CUIIBbI MPOMOPIMUOHATIBHA CMELIEHUIO.
[Ipon3BOJIBHYI0 NEPUOAUYECKYIO CUITY F(1) MOYKHO Pa3iI0KHUTh B PAJL
@ypbe, TO €CTh NPEACTABUTH €€ B BUAEC CYMMBI CIaraéMbIX, N3MEHSIOIIMNXCS
BO BPEMEHU 110 TAPMOHUYECKOMY (CHHYCOMJaNbHOMY) 3aKoHYy. Toraa B
CUWJIy IPUHIUIIA CYTIEPIIO3UIINH JJI aHalln3a KoJieOaHUW, BOSHUKIIUX B
CHUCTEME MOJ IEMCTBUEM NTPOU3BOJIBHON BHEITHEN EPUOJUUECKON CUIIBI
F, (t), JOCTaTOYHO 3HATh IIOBEJACHUE HTOM CUCTEMBI IO JECHCTBUEM
rapMOHUYECKOU CHIIBI OITPEAEIIEHHON YaCTOTHI.

B HOpMupOBaHHOM BUJIE YPAaBHEHHE BBIHYKICHHBIX KOJIeOaHUMN
MMEET BUJL

¥+20x+w;x=f,cosmt.

N3BecTHO, 4TO 0011Iee perieHue JI00ro HEOJHOPOAHOTO
nudpepeHInaIbHOTO YPaBHEHUS MOYKHO MPEJICTABUTH B BUJIE CYMMBI
YaCTHOTO PEIIEHUS 3TOTO ypaBHEHUS U OOIIEro perieHus: OTHOPOIHOTO
ypaBHEHUS (f, =0), TO €CTh PEIICHUEM YPAaBHECHUS BBIHYKIECHHBIX
KoJjebanuit OyaeT GyHKIUs

x(t) = x,(t) + De™®" cos(Qx + @).

3n1ech x,(¢) COOTBETCTBYET BBIHYKJICHHBIM KOJIeOaHUsIM (4acTHOE
pelleHrne HEOTHOPOAHOTO YPaBHEHNUS ), @ BTOPOU WIEH - 3aTyXaloLUUM
COOCTBEHHBIM KoOJIeOaHUAM (00IIIee pereHrue 0OTHOPOTHOTO YpaBHEHU).

CreryeT OTMETUTB, YTO CI0KHASI 3aBUCUMOCTb CMEILICHUS OT
BpEMEHHU HaOJII0IaeTCs UMb IPU MaJIbIX BpeMeHax. Yepes Bpemst
t =(4-35)r coOCTBEHHbIE KOJeOaHUs MPAKTUUYECKU 3aTYXHYT, U B CUCTEME
OyayT HaOII01aThCs JIUITH BHIHYKICHHBIC KOJICOaHUs

x ()=x/()=X,cos(wt+¢),

e
X, =1, !
e \/(a)ﬁ—a)z)2+452a)2.
200
tng_wz_wza
0

AMIUTUTY AHO-4YaCTOTHAS! XapaKTePUCTUKA UMEET PE30HAHCHBIN BU/I, TO €CTh
B HEKOTOPOM 00JIaCTH YaCTOT aMIUIUTY/a KOJIeOaHHU 3HAYUTEIHHO
MPEBBIIIACT BEIUUUHY f,. JJid onpenenenrs pe3oHaHCHON 4acTOThI, IPH
KOTOpOM X, NOCTHraeT MakCuMyMma HeOOXOAMMO HAaUTH MHUHHUMYM
GbyHKIIUN

(-0’ +46°w".

MuHUMaJIBLHBIM 3HAYE€HHUE PTOM BEIUYHUHBI 6YI[CT npu
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2 _ 2 _ 2 2
@ =0 =0 =20 .
IIpu 3TOM

v

0 pes 25&)0

Jist citydast MaJioro 3aTyXaHus (o ; > &), MOKHO CUYUTATh @ s XD -

[Ipu aHanu3e pe30HAHCHBIX CBOMCTB KOJIEOATENbHBIX CUCTEM HapsILy C
nokasarejeM & U JIorapu(pMUYECKUM JEKPEMEHTOM 3aTyXaHus (6) IIHPOKO

IMOJIb3YIOTCA BCJ'IPI‘—IHHOﬁ, KOTOpPasi Ha3bIBACTCSI I[O6pOTHOCTBIO CUCTEMEBI Q.
I[J'IH MCXAaHUYCCKUX CUCTCM OHaA OIPCACIIACTCA KaK OTHOIMICHUC aMITNIMTY bl

CMCHICHM: IIPU PC3OHAHCE — Xo pes K aMIININTYyAC CMCIIICHHA XO om» KOT A
w —> O .
IEO a, 272' T
pes 0
Q - Y

XOcm

[Ipu yBenmueHnn TOOPOTHOCTH PE30HAHCHAS KPHUBAsi CTAHOBHUTCS
0onee y3koi. YToObI OLIEHUTH €€ MIUPUHY HAlJeM Aw=w, - @ ,, TI€ @, -

YacTOTa, IPU KOTOPOI aMIUIUTY/1a yMeHbIIaeTcs B /2 pas. To ecTh
2 2N2 2 .2
X“m_ﬂwwa—M5w _
X, 20w, '

[Ipu BBITIOJIHEHUH YCIOBUS & << @ OYJET BBINOIHITHCS MPUOINKEHHOE
PaBEHCTBO @, = @ ,, IOATOMY

(Aw2w,) +45 0, =850,
rae Aw = o, —,. I3 mocieqHero COOTHOIEHUs CIENYET, YTO Aw =4 .

OOBIYHO 3Ty BETMYMHY HA3BIBAIOT MOJTYIIUPUHON PE30HAHCHOM KPUBOM.
Takum 06pa3om, JIJIst MAJIBIX § BBIMOJIHSETCS COOTHOLICHHUE

PaccMoTpuM aMIUIUTYyAHO-4aCTOTHBIE U (pa304aCTOTHBIE
XapaKTEPUCTUKH JIJI1 CKOPOCTH U YCKOPEHHUS.
Jns ckopoctr

X = fy- 1 -cos(an-—4;%§555~+zz),
o0—w?Y w0 2
=0 +45°

1)
AJI1 YCKOPCHUA
1 2
X =/ : z-wdw——§ﬁ7+m.
\/(“’0—1)2+45 R
2 2
® 1)
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AMIUTUTY AHO-YaCTOTHBIE U (Da3049aCTOTHBIE XapAKTEPUCTUKH IS
CMEIIEHHUSI, CKOPOCTH M YCKOPEHUS MAsATHUKA MPEICTABIICHBI HA PUCYHKE.

B o6nactu 4actoT @ » @ , IPOUCXOAUT pe3Koe u3MeHeHue ¢asnl. Yem

MEHbIIIe 3aTyXaHhe B CUCTEME, TeM OoJiee Pe3KOH sBIsieTCs 9Ta
3aBUCUMOCTh. B0 Bcex cityuasix CKOpOCTh ONIEPEXKAET BHEIIHIOI CHITY TI0

T
(ba3e Ha E + @, a YCKOPCHHE OIICPECIKACT BHCIIHIOIO CHUITY IO (I)&SC HA 7T+ @.

[Ipu pe3oHaHCE CKOPOCTH COBIAACT 1O (ha3e ¢ BHEIIHEH CHIIOMN.
Cpennsist 3a neproj; MOIIHOCTh BHEITHEH TapMOHUYECKOM CUJIBI paBHA

15 1
N=_ g F(yv(0)dt = Yy cosgy

[Ipu pe3onance ¢y=0, a aMIUINTyja CKOPOCTH MAKCUMAJIbHA, O3TOMY
OCLIJLISITOPY M3BHE MOJBOJIUTCS MAKCUMAaJIbHASI MOILIIHOCTb.
Jlerko nokazarsb, 4TO Ha PE30HAHCHOM YaCTOTE B KaXblil MOMEHT BPEMEHU
BHEIIHSAS CHJIA U CHJIa TPEHUSI KOMIICHCUPYIOT APYT JIpyra, a aMIUTUTY/1a
CWJIbl YIIPYTOCTH TIOCTUTAET MAKCUMAJIbHOTO 3HAUEHUS
Fpo =—kXy = _ kK __% F,

20w, m 26
YcranoBiienue koJiedanuii. OcCOOEHHOCTH yCTaHOBJICHHSI KOJICOaHMit
Haun0oJiee MPOCTO PaCCMOTPETH JIJIsl YACTHOT'O Cllyyasi, KOT/la @ = @ .

Jist aTOTO Ciydast penieHue ypaBHEeHUs KojaeOaHui B TPOU3BOIBHBIN
MOMEHT BPEMEHH UMEET BUJL
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x(t) = x,(t) + De™*" cos(% + @)

Jlns manoro 3aTyxaHusi B Ha4aJbHbII MOMEHT BPEMEHU
x(0)=x,(0)+D.

B tom ciyuae, korga x(0) =0, momydaem,
D=-x(0)=X
Y TUIMYHAS 3aBUCUMOCTH CMEIIECHUS OT BPEMEHH MPH YCTAHOBJICHUHU
KoJieOaHuil OyJIeT UMETh CISAYIOMMA BU (CM. PUCYHOK)

X(t)

o

0pes *

I1.7.3. Cio:xxeHue Koj1e0aHUI.
11.7.3.1. buennsn.

Ecnu B cucteme olHOBpeMEHHO BO30YKIAtOTCS IBa KOJIeOaHUs,
MPUYEM CMEIICHUS MPOUCXOAAT BJIOJIb OJHOTO HAIMPABIICHUS, TO
pe3yibTUpYyIoIIee Kojiebanrue OyneT CyMMO# 3THX IBYyX. PaccmMoTpum
Cllydaii, Korjia 00a KojeOaHus UMEIOT OJIMHAKOBBIC aMILTUTY JIbI.

JIst cyneprno3uiiuu IByX KojaeOaHU MOKHO 3alHcaTh.

X=X + X, =X cos(a)lt + Qo ) + X cos(a)zt + (002)

Ecnu ammmity el konebaHuii OAMHAKOBHI, TO

X=X, (cos(a)lt + @, ) + cos(cozt + @, )) =

W, — @ w, + o
2x, COS(%t + ((Poz - %1)} : COS(%I + ((002 + @, )j =

A +
2x, COS(TG)I + ((002 — @1 )) . COS(%Z + ((002 + @y )j
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B Tom cityuae, korja 4acToThl OJIM3KH, KOJICOAHUST UMEIOT BU OMEHUN — UX
aMIUTUTY]1a MEJIJICHHO MEHSIETCSI BO BPEMEHU T10 3aKOHY

Aw
A =2x, COS(Zt + (¢, — %1)] :

[lepriogom OueHMIT HA3BIBAIOT BPEMsI MEXKIY JBYMS TIOCIICI0BATEIHHBIMU
oOparieHus: aMIUTUTY Il KOjeOaHuii B HOJIb
2z TT,
Ao T -T,
I1.7.3.2. ®urypsl Jluccaxy.
[Tycth Konebanust MasITHUKA MPOUCXOMAT B IBYX B3aUMHO
MIEPIICHIUKYJISIPHBIX HAIIPABJICHUSIX
X=X, cos(a)lt + (01)
y=yocos(@,t +,)
Ecnu 9acToThl paBHBL, @;=®; TO ypaBHEHHE TPACKTOPHUU Tella

MasTHHUKA OyJI€T UMETh BUJI JUIHIICA (UM OTPE3Ka MPSIMOM JIMHUH, B

3aBUCHUMOCTH OT COOTHOIIICHUS MEXKy (ha3zaMu):
2 2
X y Xy . 2
— | | ] 2 —cos(p, — ) =sin"(p, — ).
Xo Yo Xo Yo

Eciu w; n o, He coBnagaioT, HO SABJSIOTCS KPaTHBIMU (me, = nw, ), TO

o

TPACKTOPHUH TAKXKE SBIISIOTCS 3aMKHYTHIMU KPUBBIMU, HA3bIBAEMbIMU
duzypamu Jluccasncy. .J1s1 HECKONBKUX YAaCTHBIX CIIy4aeB TAKHE KPUBBIE
IIPEICTABIICHBI HA CIEAYIOIIEM PUCYHKE

m=1, n=2 m=2,n=3 m=3,n=5

7.4. KoJsieOaHus B CBSI3AHHBIX CHCTEMAX.

MHorue kosie0aTebHbBIC CUCTEMBI
MIPEACTABIISIIOT COOOM CUCTEMBI JBYX WITH
HECKOJLKHUX CBSI3aHHBIX MEXTY COO0OM
OCIMILIITOPOB. [IpuMepaMu MOTYT CITY>XUTh
MOJIEKYJIbI (aTOMBI, B3aMO/ICHCTBYIOIIINE
MEXTy COO0M), MasITHUKH, KOJICOTIOIINECS
BOKPYT OJHOM OCH (CBSI3b OCYIIECTBIISETCS
MOCPEACTBOM YIPYTUX CHJI B OCH), CBA3aHHbIC
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ANIEKTPUYECKHE KOHTYPBL. OCOOCHHOCTH KOJIeOaHU B TAKUX CHCTEMaX
paccMOTPHUM Ha MIPUMEPE JIBYX CBSI3aHHBIX MASITHHKOB.

B o6miem ciiygae cuctema ypaBHEHHH, ONUCHIBAIOIIAs ABHKECHUE ABYX
CBSI3aHHBIX MAsTHUKOB UMEET BH/]I

. 2 .

. 2 .
31IECh X,,X, - OTKJIIOHCHUS MAITHUKOB OT IOJIOXEHUS PABHOBECUS, @ ,,® ,, -
4acTOTHI COOCTBEHHBIX KOJICOaHUI MasTHUKOB (MMaplUaibHbBIE YaCTOTHI),
A,,4, - KOODPUITUEHTHI, ONIPEACIAIONINE BETUUUHY CBSI3U MEKIY
MasITHUKaMH.

B gacTHOM city4ae JIsl CHCTEMBI, IOKa3aHHOW HA PUCYHKE, TIPH MaJIbIX
yTJlax OTKJIOHEHHUS OT TIOJIOKEHHUSI PaBHOBECHSI TIOJTydaeM

ml*a, =-mgla, + kI’ (o, — ;)

ml*e, =-mgla, -kl (a, — a,)

k I

X =0, =04 =4=——1
m !

kI’ kI’
iRy S Ay

PeuienneM 3T0M CUCTEMBI YPABHEHUN SBIISAIOTCS

20, =0 toL (@ -0,) +42,2,, ((7.4.2)
1 _
2kl,Z = T(w él - a)éz +\/(a) 31 - a)oz)z +44 12 2 ) . (743)
1
e k=2
X10

31ech BEpXHUM 3HAK NEepe]] KOPHEM OTHOCUTCS K @, u k,, @ HIDKHUH -
Ko, uk,.

Ob61ee pemienue cucteMsl (1) umeer Bua

x, =Acos(w,t+y,)+ Bcos(w,t +vy,),

x,=kAcos(w,t+y,)+k,Bcos(w,t+vy,),
r7ie aMIUIMTYAbl U Ga3bl 4, B,y ,,y, ONPEeAesaioTcs HadyalbHBIMU
YCIIOBUSIMH, @ YAaCTOTHI @ |, , ¥ KOIPPUIIUECHTHI k, ,k, HE 3aBUCAT OT
HaYaJIbHBIX YCIOBUN U OMIPEAEIISIOTCS TOJBKO CBOMCTBAMU KOJIeOaTeIbHON
CUCTEMBI.

Takum o6pa3om, XOTs B 00IIeM cydyae MPOU3BOJIbHOE KojieOaHue
MAasITHUKOB HE SIBJISIETCA TAPMOHUYECKUM, TEM HE MEHEE, €r0 BCEr1a MOKHO
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NPEJICTaBUTh KaK CYMMY JIBYX TapMOHUYECKUX KOJIEOaHUI C YaCTOTaMH @
U ®,.TU KoJeOaHUsl HOCST HA3BaHUE HOPMAJIbHBIX KOJIeOaHUH, a
4acTOThl @, U @ ,- HOPMaIIbHBIX YacToT. Kaxxgoe HopmanbHOE KoJieOaHue
CUCTEMBI SIBJISIETCSI COBOKYITHOCTBIO KOJIeOaHMi 000X MasSTHUKOB, OHO
XapaKTEepHU3yeTCs YaCTOTOM @, WM @ ,, @ TAKXKE ONpPEACICHHbBIM
COOTHOIICHUEM MEXAY aMIUTUTyAaMH KoieOaHuii ( aMITUTY bl OTJINYAIOTCS
COOTBETCTBEHHO B k, wiu k, pa3).

HopmanbHbie koe6aHuss MOXKHO BBIJICTUTH B JTI000# KoeOaTensHOM
CUCTEME, COCTOAIIEH U3 MPOU3BOJBHOIO YHCIIa MasITHUKOB, €CIIN JBUKEHUE
ATOM CUCTEMBI ONKUCHIBAETCS CUCTEMON ypaBHEHUH Tuia. B Tom ciydae,
KOT'/Ia B CUCTEME BO30YK/I€HO OJTHO HOPMaJIbHOE KoJieOaHue, KaXK bl
MasiTHUK KOJeOJIeTCs M0 TApMOHHUECKOMY 3aKOHY € YaCTOTOM 3TOTO
Kosie0aHusl, a aMILTUTY bl U (pa3bl KojeOaHUN BCeX BXOISIIUX B CUCTEMY
MasATHUKOB OJTHO3HAYHO CBSI3aHbI MEXI1Y COOOM.

PaccMOTpuM HEKOTOpPBIE COOTHOIIEHUS, TTOJIYYSHHBIC TPU aHATN3E
CUCTEMBI U3 JABYX CBSA3aHHBIX MASTHUKOB.

Yucno napiuaibHbIX YaCTOT PaBHO YHCIY CTETeHel CBOOOIbI B
paccMaTpuBaeMoOi CUCTEME.

[TapuuanbHble YaCTOTHl @ ,, U @ ,, JIEKAT MEXKIY HOPMAJIbHBIMU
YacTOTaMH @ |, U @ ,.

XapakTep B3aUMOJICHCTBUS MasSTHUKOB ONpEeIeTCs MOAKOPEHHBIM
o A A
BeIpakeHHeM B (2),(3), TO €cTh BETHYUHON OTHOIICHUS — 75—,
(o 0~ @ 02)
KOTOpasi Ha3bIBAETCsI CBA3aHHOCTHIO.

B ciyuae mainoit cBSI3aHHOCTH HOPMaJIbHOE KOJIe0aHHE ¢ YaCTOTON w |
XapaKTepU3yeTcsi BO30YKACHUEM MPEXK]IEC BCET0 MaplHaIbHOW CUCTEMBI C
4acToTol @ ,, . Jpyroe HopManbHOE KOJ€OaHHE XapaKTepru3yeTcs

PEUMYIIECTBEHHBIM BO30YKICHUEM BTOPOI MapIHabHOW CUCTEMBI.
B MNpCaAcCIbHOM ClIydac CI/IHBHOﬁ CBA3aHHOCTH, KOI'1a
Doy =0p =00, k1=—k2

u

2 2 2 2
O] =0+ A A,, O5=0;—JA,4,.

[Ipu >TOM 3HEPrus Ka>kJ0ro HOPMAILHOIO KOJIeOaHUsI paBHOMEPHO
pacmpenesieHa MeXy MapliuaibHBIMUA CUCTEMaMH, T.€. MASTHUKHU
KOJIEOTIOTCS ¢ OJM3KUMH aMILTUTYJaMU.

Buenus ¢ ceazannvix cucmemax. B o0uiem ciyyae konedanus B
CBSA3aHHBIX CUCTEMAaX HOCST CJIOXKHBIN XapaKTep, Tak Kak BO30YKIat0TCs
cpa3y Bce HOpMaslbHbIE Kojiebanus. PaccMoTpuM ocoOeHHOCTH KoJieOaHui B
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CUCTEME C ABYMS CTENEHSIMU CBOOO/IbI, KOT/1a BO30Y KJat0Tcs 00a
HOPMAJIBHBIX KOJICOAHUS C OJMHAKOBBIMH aMILTUTYIaMH ¥ OJTHM3KHUMH
9aCcTOTaMHU.

Jliis konebaHus OTAETFHOTO MasiTHUKA MOYKHO 3aIUCaTh

X =x, +x, = Xy, cos(@,t + @y, )+ X, cOS(@, + @y, )

Ecnu ammuty sl konebaHui 0TMHAKOBEI, TO KOJICOAHUSI UIMEIOT BUJI
ouenuii (cm.m.7.3.1), moka3aHHBIN HA PUCYHKE.

T,
X
1 1
T
4 ‘ o
1 nnﬂﬂnA I
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P § VY QVU

7.5. HeJiuHeliHbIe KOJIe0aHMA.
CBo0OaHBIE KOJE0aHUS
B o0miem ciryuae Bo3Bpararonias cujia B CHCTEME HE MPOIMOPIIMOHAIbHA
CMEILECHHIO, U YPAaBHEHUE ABUKECHUS OCUMIUISATOPA CBOAUTCA K BUILY

4
mx"+ f(x)=0 (7.5.1)
371€Ch f(x) - HeNMUHEWHAas QYyHKIHS CBOETO apryMEHTa, KOTOPYIO MOYKHO
MPEJACTaBUTH B BHUJIEC MMOJTMHOMA
J)=fi-x+fo-x2+ f3-x° +... (7.5.2)
C IOCTOSTHHBIMU KO3 puttuentamu f1,15,1;, ...
PaccMoTpuM KaueCTBEHHO BIUSHHUE KaXOTO YJieHa Pa3jIoKeHUs Ha
0COOCHHOCTH KOJIeOaHH B cUCcTEME.
Hanunuue B pa3noxkeHUH TOJBKO MEPBOTO YeHa f7x TPUBOIUT K JIMHEHHOMY
ypaBHEHUIO kosiebanuii. Ero pemienuem sBisitoTCS TApMOHUYECKUE
KOJIeOaHUsl.
Hannuue B pa3zmoxeHun BTOPOro 4i€Ha COOTBETCTBYET CUIIE, AEUCTBYIOIIEH
Ha Ipy3, KOTOpasi HE MEHSET 3HAK B MIPOLIECCE IBMXKEHUS MasiTHUKA. Takas
cuia
MPUBOAMT K CMEIIECHUIO MAasITHUKA B MPOIECCe KOJICOAHUM OT MOJIOKEHUS
paBHOBECHSI B OJJTHY CTOPOHY, 3HaK CMEILIEHUS 3aBUCHUT OT 3HakKa f>. B
peasibHbIX (PU3MUECKHUX CUTYalLUsIX Yalle BCEro KoueOaHusi CUMMETPUYHBI
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OTHOCUTEIBHO MOJIOKEHUSI PABHOBECHUS U 3TOT YJIEH B Pa3JI0KEHUU
otrcyTcTByeT. KyOnueckuii wieH B pa3ioKeHUU 00eCTieUnBacT M3MEHEHHE
3HAKA CHJIBI IIPU TOJIOKUTENBHBIX U OTPULATEIBHBIX CMEIICHUSIX MASITHUKA
OT ToJIoXkeHus paBHoBecHs. Korga o6a koadduimenra f; u f;
MOJIOKHUTENIbHBI, CyMMapHas BO3BpaIllaroniasi CUiIa Mpy 3aJaHHOM
CMeNIeHUH OoJIbllle, YeM B IMHEWHOM ciydae. [Ipyxuny,
COOTBETCTBYIOIIYIO TaKOW BO3BPAIIAIOIICH CHie OOBIYHO HAa3bIBAIOT
KECTKOH, B TpoTUBHOM citydae (f3< 0) nmpy>krHa Ha3bIBAE€TCS MITKOM.

B kauecTBe nmpumepa HETMHEWHBIX KOJIEOaHU pacCMOTPUM
KOJIeOaHUsT MaTEMaTUYECKOr0 MasiTHUKA. Y paBHEHHE BPAIIaTeIbHOTO
JBIDKEHUS] MATEMaTHYECKOTO MAaATHUKA B OTCYTCTBHE 3aTyXaHHsI UMEET BUJT

ml* -y = —mg(l -sin y) (7.5.3)
WIH
W+, siny =0, (7.5.4)
rie
2 _ |8
©4 =47
Ipu v < 2 sin W ~ w W KoJleOaHUs MasiTHUKA MOXXHO CUNTATH

12°
rapMOHUYECKUMH. B TOM cilydae, Korjia aMIUIUTy1a KoJieOaHUM MasTHUKA

7 N .
P, 1, BO3BpAIlAIOLIas CHIA HE SBIACTCA TMHCHHOH byHKUIMEH

oTkJIOHeHUsI. Takue KojaebaHus He SBISIOTCS TAPMOHUYECKUMU U
COOTBETCTBYIOT CIYYar0 ¢ MIATKOM IPYKUHOM, MOCKOIBKY
. 1
smy/zl//—gt//3. (7.5.5)
Mo0>kHO MOKa3aTh, 4YTO NEPUOJI ITUX KOJIEOAHUN 3aBUCUT OT
aMIUTUTY]Ibl. B mepBoM npuOaukeHuu oH paBeH
1

1 . v
T=TO(1+Zs1n7°j. a)=a)0(1—161//§j (7.5.6)

3aBUCUMOCTb MEepUOJIa CBOOOTHBIX KOJICOAHUN OT UX aMILTUTYIbI
HaOJIOaeTCs U AJIA IPYTUX HEIMHEHHBIX cucTeM. OTHAKO B 3aBUCUMOCTHU
OT XapakTepa BO3BpaIIaIOIIe CHIIbI 3TOT MEPUOJ MOXKET KaK BO3pacTaTh,
TaK U YMEHBIIIAThCSI.

7.6. IlapameTpuuyeckue KoJgeOaHUA.

Mp&1 paccMoTpenu iBa BUa KoseOaHuii - CBOOOIHbIE KOJICOaHUS 1
BbIHYXAeHHbIE. CyIlIecTBYET, OHAKO €Ile OJUH BUJ BO3ICUCTBUS Ha
KosiebaTenbHbIe cCUCTeMbl. OH 3aKITI0YAETCsl B TOM, YTO BHEIIHSS
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NeproInYecKasi Cuiia U3MEHSET OJUH U3 MapaMeTpPOB CUCTEMBI. Takoil BUA
BO3/ICHCTBUS Ha3bIBaeTCs MapaMeTpuyeckuM. B obiieM ciydyae ypaBHeHHE
napaMeTpruuecKuX KojaeOaHui umeeT BUa

Y+ (Dx+y,(H)x=0 (7.6.1)

Hannure HeMMHENHOCTH B CIIy4dae MapaMmeTpUIECKUX

Kosie0aHui Tak e, KaK U ISl OOBIYHBIX BBIHYXKICHHBIX :
KOJIeOaHMI MPUBOAUT K HEM30XPOHHOCTH KOJIeOaHMIA

(3aBUCUMOCTH TepHOJa KoJIeOaHUH OT UX aMIUTUTYbI) U K :‘l’
OTPaHUYEHUIO aMIUTUTY bl TAPAMETPUIECKH BO30YKICHHBIX
Kosie0aHuM.

PaccMoTpuM 0cOOEHHOCTH BO30YXKACHUS
napaMeTpuuecKux KojaeOaHui Ha mpuMepe
MaTeMaTHUYeCKOro MasiTHUKA.

2(4"+A47 )+ 4,,=0

W =y, cosmt

reaf- b

2
A" [ ] Al = mg+ml//0a) l) Al—(mg+mt//0a)0 l( —Wg"JJ.Al:

m( 2W]Az
8

2 4
A" =-mgcosy, = —mg(l Yo +V/°] Al

2 24
T T T
A4,, = IFmPvdt = —J.hvzdt Wy ol 2Icos2 ot -dt =
0 0

0

1 27z
_Eh(l//ola))zT ~hyol” =~ 2
" _2s
m
0= 25

[TomrydyaeM aMIUIUTYAy MapaMeTpUIECKUX KoJeOaHui
T 7
3h-—" [ L

Vo 3Q-A% (16}
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A% - TUTyOMHA MOy JISLIAH.

BrinyxaeHHbie mapaMeTpuieckue Kojebanus 00aaaatoT
CHEIYIOIIMMH CBOMCTBAMU:

na,
1) BO30y»x)aeHue MPOUCXOAUT HA YACTOTE —
2
2) cymiecTBYET MOPOTOBOE 3HAUCHUE MOTYIALNH, cM. (7.6.2), BbIle
KOTOPOTO aMILTUTY/1a KojeOaHUN CTAHOBUTCS OTIIMYHOU OT HYJIS
3) mapameTpudecKkue KojaebaHusi BO30YKIAIOTCS HE B ITUPOKOM

., N@
00J1acTH YacToT, a JTIUIIb HAa YaCTOTaxX BOJIM3U 3HAUCHUN TO

4) B otnruune oT TMHEWHBIX BBIHYKICHHBIX KOJICOaHUH, TIPH
CTPEMJICHUHU 3aTyXaHUsl CUCTEMBI K HYJII0, aMIUTUTY/1a KOJeOaHu
CTPEMUTCS HE K OECKOHEYHOCTH, a K KOHEUHOH BenuuuHe( cM.7.6.2)

7.7. ABTOKOJI€0aHUS.

Cucrtempl, B KOTOPBIX BO3HUKAIOT MEPUOANUECKUE KOICOaHMs B
OTCYTCTBHE 3aJJaHHOT0 MEPUOIMUECKOTO BO3JCHCTBUS, Ha3bIBAIOTCS
aBTOKOJIeOATEIbHBIMU CUCTEMaMU, & CaM MPOIIECC — aBTOKOJICOaHUSIMHU.

UeToIu K
-)he/b Uy

R
~aA
cucieMa

|
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IHpumepsi: [IpoxaHue TUCTHEB HA AEPEBBIX MPU BO3JICHCTBUU BETPA,

3By4YaHUE CTPYHBI MO/ IEUCTBUEM CMBIUKA, YACOBOM MeXaHu3M. CKpHI
OTBOPSAEMOM JIBEPHU — MPUMEP HErapMOHUYECKHUX Kojiebanuit. O0mmm ais

XX
R

,

TaKUX CUCTEM SIBIIICTCS HATMUUE UCTMOYHUKA DHEPeUUL, KII04a- YCTPOUCTBA
BKJTFOUAIOIIETO U OTKIIOYAIOIIET0 0Jauy SHEPTUH B K0.1e0amenbHyI0
cucmemy. PaboTa KiIro4a ¥ epuo1 KojebaHui onpeaensieTcs oopamHou
CBA3bI0.

[Ipumepom aBTOKONIEOAHMI TaK)KE MOXKET CIIYKUTh pa3pyllIeHUE B
1940 rony noasecHoro mocta uepe3 peky Takoma B CIIIA nop aeiictBueM
JTyBIIETO BJIOJIb PEKH BETpA.

I'naBa 7

16



